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Abstract. An interpolation problem related to the elliptic Painleve equation is formu- 
lated and solved. A simple form of the elliptic Painleve equation and the Lax pair are 
obtained. Explicit determinant formulae of special solutions are also given. 
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*S 1 Introduction 



There exists a close connection between the Painleve equations and the Pade approxima- 
tions (e.g. [6] [IE]). An interesting feature of the Pade approach to Painleve equation is 
that we can obtain Painleve equations, its Lax formalism and special solutions simultane- 



1 ously once we set up a suitable Pade problem. This method is applicable also for discrete 



cases and it gave a hint for a Lax pair [19] for the elliptic difference Painleve equation 

EH- 

\ In this paper, we analyze the elliptic Painleve equation, its Lax pair and special 

solutions, by using the Pade approach. In particular, we study the discrete deformation 
along one special directiorJE As a result, we obtain remarkably simple form of the elliptic 
Painleve equation ([35]) . (J1Q"]1 and its Lax pair ( H6"[) . (jHJ) or f [T5"[) . together with their explicit 
special solutions given by equations ( |36|) . (|57|) and (170"]) . 

This paper is organized as follows. In section |2j we set up the interpolation problem. 
In section |3j, we derive two fundamental contiguity relations satisfied by the interpolating 
functions. In section H] we show that the variables /, g appearing in the contiguity relations 
satisfy the elliptic Painleve equation. Interpretation of the contiguity relations as the Lax 
pair for elliptic Painleve equation is given in section [5J In section [61 explicit determinant 
formulae for the interpolation problem are given. Derivation of the Painleve equation 
f[39[) . f[40[) based on affine Weyl group action is given in Appendix A. 



1 Though all the directions are equivalent due to the Backlund transformations, there exists one special 
direction in the formulation on P 1 x P 1 for which the equation take a simple form like QRT system [IT] . 
Jimbo-Sakai's g-Painleve six equation [3] is a typical example of such beautiful equations. For various 
g-difference cases, the Lax formalisms for such direction were studied in [20 . 
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2 The interpolation problem 

In this section, we will set up an interpolation problem which we study in this paper. 

Notations . Let p, q be two base variables satisfying constraints |p|, \q\ < 1. We denote by 
$ p (x) the Jacobi theta function with base p: 

oo 

M x ) = Yli 1 - xp*){i - z~¥ +1 ), Mp x ) = M x ~ x ) = -x'^pix). (l) 

The elliptic Gamma function [T2] and Pochhammer symbol are defined as 



where the last equality holds for s G Z> . We shall use the standard convention 

(3) 

Pade problem. Let m,n G Z>o, and let ai, •••,a6, be complex parameters with a 



r(zi, ■••,Xf,p,q) = T(xi,p,q) ■ ■■T(xf,p,q), 
•& p (xi, x E ) s = tipix^s ■ •■'dp{x i ) s . 



constraint: 
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Ha i = k 3 . (4) 



i=l 



In this paper we consider the following interpolation problem: 



V(q~ s ) 

Fs= t^H' ( S = ' 1 '"--' iV = m + n )' ( 5 ) 

specified by the following data: 

• The interpolated sequence Y s is given by 

n = no = nf#k Y{z) = f[ ^f«' p ' q \ . (6) 

• The interpolating functions U(x), V(x) are defined as 

n m 

u ( x ) = ^Ui&ix), V(x) = ^ViXiix), (7) 



i=0 i=0 



with basis 



T -i T i y(x) ~r-)i Ai^f, - 

Yi\ X ) 



Xi( x ) 



P^q t x J a2X' % P\ 4 ' q l an < 



(8) 



nT-;Y(x) 



P \ x ' q l a\x ' 1 P v g 1 ' 03 / ' 

2 



where T a : f(a) \-> f(qa). 

The coefficients Ui, Vi are determined by eg. (151) which is linear homogeneous equations. 
We normalize them as Uq — 1. 

Remark on the choice of the bases (f>i(x), Xi( x )- The problem we are considering is a ver- 
sion of PPZ scheme (interpolation with prescribed poles and zeros) |21j. Note that 



U n u m (x) 

V (x) - ( 9 ) 

V de Jx) 



v{x) = vUx) = u% _^_ ) 



where U nnm (x), Ud C n(x) (resp. V nnm (x), Vd en (x)) are theta functions of order In (resp. 2m). 
Furthermore, the functions x m U num (x), x n V nura (x), x m Uden(x), x n Vd cn (x) (and hence U(x), 
V(x), <f>i(x), Xi{ x ) also) are "symmetric" : F(k/qx) = F(x). We will fix the denominator 
Uden (resp. Vden) as above in order to specify the prescribed zeros (resp. poles). For the 
numerator U num (resp. Km m ), contrarily, one may take any basis of theta functions as far 
as they have the same order, same quasi p-periodicity, and same symmetry under x -H- ^ 
as Udcn (resp. Vd cn ). In this sense, the choice of the basis 4>u X% in eq.© is not so essential 
for general argument, however, we will see that it is convenient for explicit expression of 
the functions U(x), V(x) in section O 

Parameters of the elliptic Painleve equation. The elliptic Painleve equation is specified by 



i=l,...,8 7 



a generic configuration of 8 points on P 1 xP 1 . We parametrize them as ( /*(&), 
where 

f ( x ) = PK x I c ^ x> a ( x ) = PK x ' c * xJ (iq) 

P \ X > C\X I P> I ' C3X ' 

and Ci are parameters independent of x. The functions f*(x),g*(x) satisfy f*(x) = f*i^-), 
g*(x) = g*(^), and they give a parametrization of an elliptic curve of degree (2,2) o We 
define functions Ff(x) and G g (x) as 

Ff (x) = — )/ - — ), G g (x) = —)9 - — )• (ii) 

X C\X X C2X X C3X X C4.X 

Note that F f (x) = / = f*(x) and G g {x) = g = g*(x). 

In this paper, the Painleve equation appears with the following parameters 

k^ k k &2 

(ki,k 2 ) = (k, — ), (fi,...,f 8 ) = (-,kq m+n } -,— ,03,04,05, o 6 ). (12) 

Oi q aiq m q n 

Note that k\k\ = q£% ■ ■ ■ £s due to the constraint 01]). 

2 The choice of parameters ci,...,C4 (and over all normalization of f*(x), g*(x)) is related to the 
fractional linear transformations on P 1 x P 1 . 
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3 Contiguity relations 

Here, we will derive two fundamental contiguity relational satisfied by the functions V(x), 
Y{x)U{x). 

Special direction T of deformation. For any quantity (or function) F depending on vari- 
ables k, ai, ■ ■ ■ , ag, m, n, ■ ■ •, we denote by F = T(F) its parameter shift along a special 
direction T: 

T : (k, Oi, • ■ • , a e , m, n) f-> (kq, — , a 2 , a 3 q, ■ ■ ■ , a 6 q, m + 1, n — 1). (13) 

Q 

This special direction is chosen so that T : (ki,k 2 , £j) h-> (^iq, K 2 q 3 ,£,iq) and the corre- 
sponding elliptic Painleve equation will take a simple form. 

Proposition 1 The functions y(x) = V(x),Y(x)U(x) satisfy the following contiguity 
relations: 



L>2 '■ ; ; V(x) — 

t'^-aix 1 qx ' 



y[X) u, 



AX-, 1 ' 

^ a: ' a: * 



-VK-) ~ 
q 



X 



k (14) 

' ' P\ a\x ' qx' 



where Cq,Ci, f, g are some constants w.r.t. x. 



Proof. We put y(x) 



V{x) 
Y{x)U{x) 



and define the Casorati determinants D; as 



J D 1 (x):=det[y(x),y(|)], 
D 2 (x) := det[y(gx),y(x)], 
D 3 (x) : = det[y(x),y(x)], 
D,(x) :=det[y(x),y(f)]. 



(16) 



Then the desired contiguity relations are obtained from the identity 

D 1 (x)y(x) - D 4 (x)y(x) + D 3 (ar)y( f) = 0, 
D 4 (qx)y(x) - D 3 (x)y(qx) - D 2 (x)y(x) = 0, 

by using the formulae for Di given in the next Lemma [TJ □ 



(17) 



3 Since the contiguity relations ((T4|) . (fl5j) are similar to the linear relations of the i?n chain [16], it may 
be possible to derive them as a reduction of three discrete-time non-autonomous Toda chain by using the 
method in [T7] . 
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Lemma 1 The determinants lp~b}) take the following form: 



where 



D x {x) =N(x)Y(x)c 



D 2 (x) = N(x)Y(x) 
D 3 (x) = M{x)Y{x) 



D 4 (x) = Af(x)Y(x) 



q m 



r 2 5 5 



k 

q 2 x ' qxa\ • 



( k Jl. k )Ft(gx) 

P^q 2 x 2 ' a 2 x ' axai ' J \* ) 



^M^fx)UUA 



qx i 

GJx) 



• qx i 



' k k kg ax \ ' 

> qx ' xa\ ' xai ' go; / 

■ k k k k kg ai > 

> gx ' gx ' xai ' xai ' xai ' gx > 



n 



A/"( 



X 



l x 1 gx 



)m+n+l 



(19) 



^den(^)^den(^) 

Proof. The functions t/(x), V(ar) and, due to the constraint flU), the function Y(x) are 
elliptic (p-periodic) functions in x. Hence the ratios ffiffi are also elliptic. They are of 
order 2m + 2n+ (small corrections) and have sequences of zeros and poles represented as 
$p( q m+n x , ^)m+n+i and f/dcnVden modulo corrections at the boundaries of the sequence. 
Then we can compute the ratios , and each of them are determined up to 2 unknown 
constants. In the computation, the following relations are useful (they are derived by a 
straightforward computation) 



K(x) 



G(x) 

Y(x) 
' Y{x) 



Y(qx) 
Y(x) 



n 



' k s 
> aiqx ' 



, Ufx) 



$ (Jl Jl sl *2) 

kq 



n 



P^aix' a,2X ) qx ' aix' i=3 ^ 2 



and 



M{x) 



= q -^M{x), 

qx k 



^ tq_ g k a x k k 0,2 ■> 

a; ' a; ' g m aix' a2X ' q n x> 



r), 



g"'ai 



aix ' a2X ' x ) 



Computation of Di(x), D 2 (x): First, we count the degree of the elliptic function 

Di(x) 1 



Y(x) G(f) 



V(x)C/( 



X , 



'9' 



V(-)l7(x). 



(20) 

(21) 
(22) 

(23) 
(24) 



Substituting 



Uden(~) 



V m 



den \ 



a /_k_ a2_\ tj 
U P\g 2 xi q n x> Un 

— 

• v a^x ' .<• 



i) 



ai 1 

q m a,2X ' x - 



q"'ai • 



- aix - 



f7den(z) 
Kium(~, 



(25) 



we have 



D^x) 1 P (^ 



Y{x) U den (x)V den (x)M^ 



^mf]Mji v {x)u ft.wzMu < x)v (26) 

P\ a 2 x ' i=3 P^ciix' " x I " 



The function Di(x)/Y(x) is p-periodic function of order 2m + 2n + 6 with denominator 

Next, we study the zeros. When x and | are both in the Pade interpolation grid (i.e. 
for x = 1, q -1 , . . . , q~ N+1 ), it follows obviously that Di(x) = 0. Noting the symmetry 
properties 

= v fe = ™ G & = (28) 

we have 

yf = ^m*)v%-v%v {x) = ^)%$. (29) 

Then it follows that Di(x) = at x = k, kq, ■ ■ ■ , kq N ~ 1 and furthermore, due to the 
relation y(x) = y(|) for x 2 = k, we have Di(x) = at x 2 = k (i.e. x = ±Vk, ±y/kp). As 
a result, the function X(x) defined by 

Dl (x) = U{x)Y{x) ( f P f:h f \ (jL M x) (30) 

is a theta function of degree 2 such that X(j) — X(^) = ^X(x), hence it can be written 
as X(x) = cFf(x) by suitable constants c, f. D 2 is easily obtained since D 2 (x) = Di(qx). 
• Computation of D 3 (x), D^(x): First we note a relation between D 3 (x) and D^{x). Using 
U{^) = U(x), U(^) = U(x) and similar relations for V(x) we have 



Dsi-) _ _ 

-2f± = [/(A)y(A) _ K fk_)ufJL) V fJs.) 

V ( — \ K qx> ^qx> v qx ' \ qx ' \ qx ' 

\qx ' 

= U(x)V(qx) - K(±)U(qx)V(x) 

G(x) r - #(-) - i ( 31 ) 

= y^{Y(x)U(x)V(qx) - -^yY(qx)U(qx)V(x)} 

where we have used the relation ga: = K{qx) at the last step. 

Lr(X) 
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Let us compute D 3 (x). Substituting the relation 



U(x) = Unmn ^ = $ (Jl. _«2_ n ' 1 



V(x 



V num (x) _ ^p(^I^) V num (x) 



into 



L> 3 (x) 



[/(x)y(x) - K(x)C/(x)I/(x), (33) 



we have 

D 3 (x) 1 1 



Y(x) UU*)VU*)M&>£>%) k (34) 

I g n x q m a\X 
D 3 (x) 

Hence, — is of degree 2m + 2n + 3. 
r (x) 

-D 3 (x) has zeros at x = 1, g" 1 , . . . , q~ N and x = k, qk, . . . , q N ~ 1 k, where the latter zeros 
follow from those of D±(x) through eq. fl3"T|) . Hence, we obtain 

D 3 (x) = M(x)Y(x) _l ^ — Z(x), (35) 

7 2 ,2 

where Z[x) is a theta function of degree 2 such as Z{-) = Z{-^) = 9 ^-Z(x), namely 
Z{x) = c'G g (x) for some d and g as desired. -D 4 (x) is derived by the relation (T3TT) . □ 

Corollary 1 For any pazr i, j 6 {3, 4, 5, 6} we aave 

a(ai) Ff(di) _ U(ai)V(ai/q) /3(a;) Gg{cn) _ U(ai)V(a,i) 



a(dj) Ff(a,j) U(a j )V(a j /qy (5(a j )G g {a j ) U(aj)V(ajY 

where 



(36) 



§ ( A l s±) i 

a(x)=M(x) P Y' x \ x) t- , Mx)=M(x) r r r . (37) 

Proof. By the definition of -D3, we have for x = = 3, 4, 5, 6) 



E^l = V(x)U(x) - K(x)U(x)V(x) = U(x)V(x). 
Y[x) 

Then, from the first and the third equation of (jl8p . one has eq. fl36|) .D 

The formulae (136]) are convenient in order to obtain /, g from U(x), V(x) 



(3? 
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4 Elliptic Painleve equation 

In this section, we study the eqs. (ll4p . (ll5p for generic variables f,g apart from the Pade 
problem, and prove that the variables /, g satisfy the elliptic Painleve equation. 

Theorem 1 If the egs. [Lfy, ( TJ3]) are compatible, then the variables f,g and f \~g should be 
related by 

F f {x)F f {qx) yj tf/- 



and 



/ v k ) r f\ k I 1=1 py <i a 

't 



[I - f fcV, , for g = g*(x), (39) 



G g (x)G g (qx) fe 7 



Proof. From equations L-i\ x ^, qx (fl4j) and L 3 (fl5l) we have 



M&i) y{qX) ~ Mfri) v[xh ( 41 ) 



for / = f*(qx), hence we have eq. fj40|) . 

For g = g*(x), we have from eqs.( ll4j) . (jTSJ) that 



f^aix 1 qx ' 



, , C x F f (qx)$ p (\) 
GJ$3£)0JJL,JeL)y(x) = , q f y(x) 



(42) 



hence 



G p (-)G,(^)n^) = - 2 F f (x)F f (qx)M- 2 ,— 2 )> («) 

where iy = CqC\. The eq.( 143|) holds also by replacing x — > ^ since g*(x) = S'*( J ^), 
Taking a ratio eq.( l4"3"j) with eq. (l4"3"j) | fc 2 we have eq. (13"9"p .D 



The next Lemma [2] shows that the relations (l39l) . (H0|) are equivalent to the time evo- 
lution equation for the elliptic Painleve@ 

Lemma 2 The solution f of eg. [39]) is a rational function of(f,g) of degree (1,4), which 
is characterized by the following conditions: (i) its numerator and denominator have 8 
zeros at f = /*(£),# = g*(£), (it) if f = /«,(«), g = g*(u) (u ^ £) then J = /*(^). 
Similarly, by eg. ^Bj), g is uniguely given as a rational function of(f,g) of degree (4,1), 
satisfying the conditions (V) it has 8 points of indeterminacy at f = f*(q£),g = <7*(0; 
(*') iff- TMu), 9 = g*(u) (u + then g = = g.{&). 



4 Since the elliptic Painleve equation [T4] is rather complicated, its concise expressions have been 
pursued by several authors (e.g. [8] , [5] , [TU] ) ■ The system . (|iD ]) is supposed to be the simplest one. 
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Proof. Written in the form 



F f (x)F f (qx)f[M^) = F f (^)F f ( q ^)f[M-), (44) 
- LJ - xhai k k ±± x 

i=l s * 1 i=l 

the eq. (l59~j) is quasi p-periodic in x of degree (apparently) 12 with symmetry under x <H- 
Since it is divisible by a factor ^(^2), it is effectively of degree 8. Then the solution 
/ of this equation takes the form 

? A(x)f + B(x) 

1 C(x)f + D(xY l4 ° j 

where the coefficients A(x), . . . , D{x) are x -H- ^-symmetric p-periodic functions of de- 
gree 8, namely polynomials of g = g*(x) of degree 4. Hence / is a rational function of 
(f,g) of degree (1,4). The conditions (i), (ii) are obvious by the form of eq. (15§|) . The 
structure of the solution ~g = ~g(f, g) of the eq. (j4"0]) is similar. □ 

Remark on the geometric characterization of the solutions f,g. As a consequence of the 
above results, the variables /, g obtained from the Pade problem give special solutions of 
the elliptic Painleve equation. Since they are (Backlund transformations of) the termi- 
nating hypergeometric solution [4] [S] , they have the following geometric characterization. 

Let C\ be a curve of degree (2n, 2n + 1) passing through the 8 points (^f*(£,i),g*((,i 

in eqs.([IOD,([l2D with multiplicity n(l 8 ) + (0, 1, 1, 0, 0, 0, 0, 0). Similarly, Let C 2 be a curve 
of degree (2m + 2, 2m + 1) passing through the 8 points with multiplicity m(l 8 ) + 
(0,1,0,1,1,1,1,1). C\ and C2 are unique rational curves. Except for the assigned 8 
points, there exist unique unassigned intersection point (/, g) G C\ fl C 2 which is the 
solution. 



i=i 



5 Lax formalism 

In this section, we prove that the elliptic Painleve equation fl59]) .f l4U|) are sufficient for the 
compatibility of eqs.f lT4]) .f lT5]) . 



y(x) 



y(qx) 



Lo 



y(x) 



y(qx) 



Figure 1: Lax equations 
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Solving y(x) and y(qx) from eqs.L 2 , L 2 \ x ^ qx and plugging them into L 3 , one has the 
following difference equation (Fig{TJ): 



_ V v a\x ' qx ' J- Ai=l f v ^ / y(x\ | PVa; > ga;/ J. i.t=l P^ qx' y(qx\ 

Ff(x) d p (^2, ^, f ) 9 Ff(qx) l Q p (-^, — ) ^ 



X 



G g (x)G g ( k ^) %)G,(S)tf,(it) i^*)^)^) 



The pairs of equations {Li,L 2 }, {Li,L 3 } and {L 2 ,L 3 } are equivalent with each other. 

The above expression L x (|46[) contains variables f,g,f,w. We will rewrite and char- 
acterize it in terms of /, g only. This characterization is a key of the proof of the compat- 
ibility. To do this, we first note the following 

Lemma 3 The factor w satisfying the relation is explicitly given by (f, g) as 

w = C fde ^/^\ (47) 
<P(f,9) 

where f^if, g) is a polynomial of degree (1, 4) defined as the denominator of the rational 
function f = f(f,g), and <p(f,g) is the defining polynomial of the degree (2,2) curve 
parametrized by f*(x),g*(x), and C is a constant independent of f,g,x. 

Proof. The relation (|43p follows from eq. (|47p by using 

,Ff(x)F f (^) , s 

- — - — \ rt^f(~) Fill ^p(-) 

/den/*num(9'*') /num/*den ) C 7 \7 5 (^9) 

/ g=g*(x) 9*dcA x ) 

where C, C" are constants, g*^ en (x) = i?p(^, r^ - ) is the denominator of g*(x), and 
similarly /^(x) = , £), ^(x) = p (f , ||). □ 

Lemma 4 In terms of variables f,g, the eq. [Jo]) is represented as a polynomial equation 
Li(f,g) = of degree (3,2) characterized^ by the following vanishing conditions at: (1) 
10 points (f*(u), g*(u)) where u = qx and -, (2) 2 more points (f,g) such as 



and 



> y(x) G g (qx) Mfx,l) l\ MB' { } 



J This geometric characterization of the difference equation L\ is essentially the same as that in |19j . 
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Proof. Due to the eq. (l4"3"j) . the residue of Li at the apparent pole g = g*(x) vanishes. 
Replacing x with ^ in eq.(11"3"]) and using the relations Fj(^) = ^-Ff(x) and G g {-^) = 



^-G g (x), we have 



q x 2 G g (x)G g ( q x)f[M-^-) = wF f (qx)F f (qx)^(^,-^), (52) 



i=l 



hence, the residue of L\ at g — #*(^) = g*{\) also vanishes. From these vanishing 
of residues and the eq.( H7|) . the L.H.S of eq.( l4"6"j) turns out to be a polynomial in (/, g) 
of degree (3,2), after multiplying by Ff(x)Ff(qx)f. Check of the vanishing conditions 
(1),(2) are easy.D 

In a similar way, solving y(^),y(x) form L 3 , L 3 \ x ^. x / g and substituting them into L 2 , 
one has 

nf 1 M k ) — ) n 8 i M-t-) 

wM&FfW G *(f ) nli Mj) g 9 {^) nf =1 up ! ct 

x*G g {x)G g {%) q» p ($)F f (x)G a (%) M^)Ff(qx)G g (x 



(53) 



By the similar analysis as L\, we have the following 

Lemma 5 In terms of variables f, g, the eq. |33|) is represented as a polynomial equation 
L[(f,g) = of degree (3,2) characterized by the following vanishing conditions at: (1) 10 
points (f*(qu),gJu)) where u = £, - and —. (2) 2 more points (f,g) such as 



f = f (x) v y 9 = 1 x (541 



and 



1 T777T g(gg) ^0*0 /„n 



'9V ai > "V\q* ' cc^ 

Proof In terms of (f,g), the gauge factor 10 (T4"T1) is written as 

w = C '" h ™^ ,9 \ (56) 

<p(f,g) 

where fden(f,g) is the denominator of the rational function / = f(f,g), and Tp(f,g) is 
the defining polynomial of the curve parametrized by f\(qx), g*(x), and C'" is a constant. 
Then the proof of the Lemma is the same as the proof of the Lemma HID 

Proposition 2 The eq. / f53j) expressed in terms of (f,~g) is equivalent with the transfor- 
mation T(Li) = Li of eq.ffffy. 

Proof. This fact is a consequence of Lemmas El HI and [51 The geometric proof in the 
g-difference case [20J is also available here (see Lemmas 4.2 - 4.6 in |20]).D 
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6 Determinant formulae 



In this section, we present explicit determinant formulae for the solutions U(x), V(x) of 
the interpolation problem (151). 

Theorem 2 Interpolating rational functions U(x), V(x) have the following determinant 
expressions: 



U(x) = const. 



o.o 



u 

n-1,0 



m 



u 

0,n 



m 



M x ) 



u 

n—l,n 
4>n( x ) 



, V(x) — const. 



rn 



0,0 



v 

m-1,0 



rn, 



0,m 



m 



m— l,m 



where 



mfj = l2 V n (q 1 k,q N ,q N 1 1 a 1 ,q :, a 2} q l a 3} q :, a^a 5} a 6 ;q) } 

™V T/ f „— It, „—N „—j k „N-i—l k j k i k k k . \ 

rriij-uViiiq k,q ,q J -,q ^. 9 ^> ^> ?)> 



(57) 
(58) 



and n+bV n+ i ( n+ sE n+ 2 in convention of J^j) is the very-well poised, balanced elliptic hy- 
pergeometric series f7)/ /73]/ : 



n+sK+4(«o; ui, ■ ■ -,u n ;z) = 



Proof. In general, the solution of interpolation problem 

V(x s ) = Y s U(x s ), 8 = 0,---,N. 



(59) 



(60) 



is written by the following determinants: 

Xo(^o) •■■ Xm( x o) Y <f> (x ) 



U(x) 



and 



V(x) 



Xo(xn) ■ ■ ■ Xm{x N ) Y N <fi (x N ) 
•■■ (f> (x) 

Xo( x o) ••• Xm(xo) YoM x o) 



Y (p n (x ) 
Y N cf) n (x N ) 

<Pn{x) 

Y (j) n (x ) 



(61) 



Xo(x N ) 
Xo( x ) 



Xm(x N ) Y N (f) (x N ) 
Xm( x ) 



Y N (j) n (x N ) 




We apply these formulae for Y s , 4>i(x), Xi( x ) given by 
(pi(x s ), Xi( x s) can be written as 



(62) 

and x s = q~ s . Note that 



4>i( x s) 

Xi( x s) 



^(a 2 ,a 4 ,g^,g-^) 

k „i k 
a.3 



i_k_ „-i k \ ' 
o 2 ' V 

■& P (ai,a3,q- l £,q % 



(63) 
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To rewrite the determinant in eg. (161 p . we use the multiplication by a matrix 



(64) 



from the left, where 

ij ~ Ml- 1 *) Mq,Q N k,q- N+i+ %a 1 , q -%a 3 ) j q - 
For the last n + 1 columns, we have 

N 

22 Li S Y s (pj(x s ) = i2V n (q~ 1 k; q~ N , q N ~ l ' 1 a 1 , q~ ] a 2 , q l a 3 , q>a A , a 5 , a 6 ; q) 

s=0 

For the first m + 1 columns, we have 



(65) 



<■ 



(66) 



N 



s=0 



■ k ■ k 

>s) = ioVg(g _1 fc; q~ N , q N ~ l ~ l a l , q~ J — , q l a 3l q 3 — ; q). 

ai a 3 



(67) 



Using the Frenkel-Turaev summation formula (u% ■ ■ - u^ = qu^, u^ = q n ) [2] [15]: 
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V 9 (u ;mi, • • • ,u 5 ;q) 



$p(quo, — , - 

p\1 U7 U \U2 ' U\ 



gup gup ■ 

Us ' U2U3 ' 



^ /quo_ quo quo_ gup - 
Ul ' 142 ' U3 ' U1U2U3 ' 



(6* 



the expression f )67|) can be evaluated as 



Mk,q- N+i+J+ \q- N+1 ^,q J - l f 3 )N 



Mq- NW ^ q-% q j au q~ N+l+1 i', 



(69) 



N 



and it vanishes for < i + j < N. Hence, we obtain the formula for U(x) in (IBTj) by 
Laplace expansion. The case for function V(x) is similar. □ 

Theorem [2] supplies also formulae for special solutions /, g of the elliptic Painleve 
equation through eq. (l36l) . Moreover we have 



Lemma 6 Fori,j e {3,4,5,6}, the ratios in eg. 1(36)) have following simple form 
17(0,) c t T-'T a Xr u ) V( ai /q) c^T" 1 ^) 



U( aj ) CjT-iTatW V( aj /q) ^T ai T a . 



(70) 



where r u = det^)^, r v = det^^o, 

n(n-i) ( q- n j, g)n(a 3 , g)n(9- m - ra+1 g, q)n(q m+l ^ , q) n 
^,q)n(^,qUq-™- n+la ±,q%(q™ +na -^A)n 



c 3 = q 



C4 



\ 0,203 ' '« v a2 



1 £12014 ' ~^) n ( a2 ' ^ ^ n ( £12^2 ' 

(ar, v) n = H"~Q $p(xv l ) and (c' 3 , c' 4 , c' 5 , c' 6 ) = (c 4 , c 3 , c 5 , c 6 



(z = 5,6), 



(m.n.ai.—.ae^in.m, — — , — ,— ,— 1 

V > > °' >■ «2 «1 «4 "3 "5 "6 
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Proof. Since 0j(a 4 ) = <5 i)0 (i > 0), we have 

^ = det(< +1 )i:-i = T-X(^). (71) 

Using the symmetry of U(x) in parameters 03, ... , a^, the first relation of eq.f l70p follows. 
The second relation is similar. □ 

The determinant expressions for the special solutions have been known for various (dis- 
crete) Painleve equations (see [7] [13] for example). Our method using Pade interpolation 
gives a simple and direct way to obtain them. 



A Affine Weyl group actions 

Here we give a derivation of the Painleve equation (|39|) . (14*0]) from the affine Weyl group 
actions. [5] [U] 

Define multiplicative transformations Sy, c, fly, Vij (1 < i ^ j < 8) acting on variables 
hi, h2,ui, . . . , Us as 

Sij = {Ui <H- Uj}, C = {hi -H- /l 2 }, 

/^ = {^^ «,--►£}, (72) 

These actions generate the affine Weyl group of type Eg 1 ^ with the following simple re- 
flections: 

S12 

I (73) 

C — H12 — S23 — S34 — • • • — S78 

We extend the actions bi-rationally on variables (f,g)- The nontrivial actions are as 
follows: 

c(f) = 9, c(g)=f, (Mj(f) = f, Vij(g)=g, (74) 
where, / = f^ and g = are rational functions in (/, g) defined by 



/ - Ikjtfi) _(f~ fi)(9 - 9 j) 9 - Vij{9i) _ (9- 9i)(f - fj 



f-^j(fj) U-fj){9-9i) 9-^ij{9j) (9 - 9j)(f ~ fi)' 
(fi,9i) = (f*(ui),g*(ui)), and 



(75) 



^ = I7iirJ' 9*(z)= ^ m , (76) 

U P\ z > diz> Z ' dlZ> 



as in eq. fTTO]) . As a rational function of (/, g), f is characterized by the following properties: 
(i) it is of degree (1, 1) with indeterminate points (fi, gi), (fj,gj), (ii) it maps generic points 

^ ^efe hih2 \ 

on the elliptic curve (f*(z), g*(z)) to — J ' d2 fe" fe 1 " 2 ■ Using this geometric characterization, 

P\ 2 ' dizUiUj ' 

we have 
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where the functions J-f(z) (and G g (z)) are defined in a similar way as eq. lfiTj) 

J>W = *A^-)/-»,(-.^-). s a (z) = M-,-^)g-M-,^-). (78) 

z diz z a 2 z z d\Z z CL2Z 

Let us consider the following compositions [S] 

r = S 12 fi 12 S u fI 34 S 56 fi 5fi S 7 sfi78, T = TCTC. (79) 

Their actions on variables (h^Ui) are given by 



r(hi) = vh 2 , r(h 2 ) = h 2 , r{ui) = 

T(hi) = qhiv 2 , T(h 2 ) = q~ 1 h 2 v 2 , T{ui) = u { - 



where v = qh 2 jh\, q = h\h\/{ui ■ ■ ■ u$)- From eq. (177)1 and r(j^) = the evolution 
T(f) = rcrc(f) = r(f) is determined as 

"ll^T^T' fOT 9 = 9,(z). (81) 



Similarly, since cTc = T -1 , T~ l (g) is determined by 

W^ffl nW) fa ,_ /w (82) 

By a re-scaling of variables (hi,Ui,di) = («jA 2 , £jA, qA) with A = (hfh^ 1 )^, we have 
J)0) = Fj(f), T(T f ){z) = T{F f ){f 2 l) and so on, since T(A) = J^A. Then the above 
equations take the form ( 139|) . ( HO"]) , by putting z = Ax. 
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